Introduction.
The subject of this paper is the Maxwell-Bloch equations from nonlinear optics: dt'E = curl H -<9tP -j -crE, <9,H = -curlE, ( whereas the polarizable medium occupying the set G is modelled as a gas of quantum mechanical systems with two energy levels as described in [5] and [11] . Here f! C I3 is an arbitrary spatial domain, G C fl a certain subset of fl, and Ti C dfl, '=f Also, the whole space case fi = R3 without boundary condition 1.4 is under consideration.
The unknown functions are the electric and magnetic fields E, H, which depend on the time t > 0 and the space variable x 6 Q and the dielectic polarization P defined on the set R+ x G. Furthermore, N denotes the difference of the densities of the electrons in the excited and in the ground state. It is also an unknown function defined on R+ x G. In (1.1) the function P is the extension of P on R x 17 defined by zero on the set R+ x (f1\G). The physical meaning of the boundary condition 1.4 is that Ti is perfectly conducting, such that the tangential component of the electric field must vanish.
The coefficients a G L°°(G), (3 G L°°(G), A G L°°(G), and 7 G L°°(G): which depend
on the space variables, take into account the possibly variable dipole moment and the density of the medium as well as the inverse of the relaxation times for the polarization and for the density N. The equilibrium density Ne £ L°°(G) is assumed to be positive.
A prescribed external current, j G Ll ((0, 00), L2(fi)), is included. The nonnegative function a G L°°(Q) represents the electric conductivity.
In [5] , where G = = R3 and the coefficients do not depend on x, it is shown that (1.1) (1.6) admit a unique strong solution in C([(0, 00), HS(M.3)) for s >2. Note that in our case, system (1.1) does not admit classical solutions on all of (0, 00) x $1 due to the -def discontinuity of P on £ = {dG) n £2, the interface between the polarizable medium and the vacuum region fl\G. For smooth solutions, (1.1) includes a transmission condition, which requires the continuity of the tangential components of E and H on £. In Sec. 3, suitable weak formulation admitting discontinuous solutions to (1.1), (1. Here Sl\Ga is the set of vanishing conductivity, i.e., the set of all x G with <j(x) = 0. The main result concerning the asymptotic behavior is that (E(i),H(£)) t-$ (Eoo.Hoo) in X weakly (1. Hence the physical meaning of condition (1.11) is that the space charge p d= divD determined by the initial state (Eo, Ho) and the prescribed current j vanishes as t -> oo in the nonconducting region.
The basic step of the proof of (1.7) and (1.8) is that the w-limit set uiq C L2(f2,R6) of (E, H) with respect to the weak L2(Q.) topology satisfies too G A/*. (1.12)
The proof of (1.12) is based on a result in [8] , where weak decay of solutions of certain semilinear hyperbolic systems including Maxwell's equations is shown by identifying the weak w-limit set of the trajectories; see also [4] , [6] . In Sec. 5, the case where the set G is bounded and Q = M3 is considered. It is shown that u(t) d= (E(t),H(t)) -(Eoq, H^) obeys 13) in particular, that the convergence in (1.7) is locally strong in the energy space. The physical meaning of (1.13) is that the wave-packet u(t) is concentrated near the sphere \x\ = t for large times. Furthermore, also strong convergence in ( In the sequel, we denote by wx G C3 the first three and by w2 G C3 the last three components of a vector w G C6.
Next, some function spaces related to Maxwell's equations with mixed boundary conditions are introduced.
Wh denotes the closure of C^°(]R3\r2, C3) in Hcuri(fi), where Hcuri(Q) is the space of all E G L2(f), C3) with curlE G L2(Vt). We denotes the set of all E G HCUT\(fl) such that / EcurlF -FcurlEete = 0 for all F G Wh, J o which includes a weak formulation of the boundary condition n A E = 0 on T1; see [7] . 
B{E.H) =f (curl H, -curl E) for (E,H) G D(B).
It turns out that B is a densely defined skew selfadjoint operator in the Hilbert space X = L2(fi,C6) endowed with the usual scalar product.
Next, let M be the set of all w = (E, h) G kerB with E(x) = 0 for all x G Ga. Jo where (exp(tB))te^ is the unitary group generated by B\ see [1] , [7] and [12] . Equation (2.17) yields the energy estimate Furthermore, it is assumed that Po G L2(G), Pi G L2(G), and No -Ne e L2(G).
3. Existence and uniqueness of weak solutions. First some a priori bounds on the solution P,N of Eqs. (1.2), (1.3), and (1.6) are given.
Suppose that E G C([0, oo), L2(fi,M3)) and let P,iV be the solution to (1.2), (1.3), and (1.6). Then
This implies the pointwise bound
with some constant C\ G (0, oo) independent of E and t > 0. In particular, the ordinary initial value problem (1.2), (1. Since Po,Pi G L2(G,M3), (1.2) and (3.21) yield
by (1.3) and (3.21), since Nq -Ne E L2(G, R3). Now suppose E e G([0, oo), L2(Q, 1R3)) and F € G([0, oo), L2(f2, R3)) and let P,N and Q, M be the corresponding solutions to (1.2), (1.3), and (1.6). Then -mm -m(t) \\h{G) + h-l/2(^vw -
by (3.20) . By Gronwall's lemma, one finds for each time T > 0 a constant C\ t 6 (0, oo), such that ll^tP _ ^QIIl°°((o,t),l2(g)) < Ci,t||E -F||Loo((0iX)jL2(q)). IIPWIIl-(G) + II W)Hl~(G) + ||W(t)||L«(G) < Kb( 1 + t1'2) for all t > 0.
Next, further estimates on the solution are given using the energy functional
The physical meaning of £(t) is the total energy of the system, including the potential and kinetic energy and the energy of the electromagnetic field.
Lemma 2. It follows that 
with Ao = essinf Ao-Since ||5*P(-)IIl2(G) £ L (0,oo) by Lemma 2, this yields
By Lemma 2 again, ||iVe -N(t)fix2(G) is bounded on (0, oo). Finally, the assertion follows from (4.30) by interpolation. □
The following "unique continuation" principle has been shown in [8] , which holds even for arbitrary spatial domains. As in [8] it will be used in the investigation of the weak w-limit set of the solution of (1.1) (1.6).
Theorem 2. Suppose that g £ X obeys
(exp(£J3)g) = 0 on G for all iel.
(4-31)
Then g £ ker B.
The above theorem is a suitable modification for not necessarily bounded domains of the unique-continuation principle for the scalar wave equation, which is used in [4], [6] , and [13] .
Theorem 2 says that each solution (e,f) € C(R, L2(fl, RM+W)) of the evolution equation dt(e, f) = B(e, f) with the property that e(t, x) = 0 for all t G M and x e G satisfies (e(0),f(0)) G kerB. In contrast to the unique continuation principle for bounded domains, it is necessary to require the condition e(i, x) = 0 on G for all i G M and not only for positive times. The basic idea of the proof of Theorem 2 is to show that for each / G C£°(]R\{0}), the function f{iB)g is real analytic and vanishes on G. This implies f(iB)g = 0 for all / G Co°(E\{0}) and hence g G kerB. (Here the operator f(iB) can be defined by the spectral theorem, since iB is selfadjoint in L2(Q, C6).)
Let ujo be the w-limit set of the trajectory (E, H) with respect to the weak topology of X, i.e., the set of all G G X, such that there exists a sequence tn n-fwith (E(in),H(t")) G in X weakly.
Theorem 3. It follows that loo c TV.
Proof. Suppose g G X and tn ? oo with (E(*n),H(*n))n-=^g (4.32) in X weakly. Let un(t) =f (E(in +1), H(tn + t)) G X, Nn(t) =f N{tn + t) and fn(t) =f aP(tn + t) for n G N. One has, by (3.23), Invoking Theorem 2, one obtains B\(iB)g 6 kerf?, and hence \\Bx(}B)g\\2x = -(x(iB)g,B2x(,iB)g)x = 0, whence x(iB)g € kerS. Since x 6 Co°(®0 is chosen arbitrarily, it follows that g £ kerS.
(4-41)
It remains to show that g^z) = 0 for all x £ Ga. By (4.33) and (4.41) one has un(t) "-2" g in X weakly for all t £ R, and hence by the dominated convergence theorem,
Jo Jo for all h £ X, i.e., un(t)dt ?1-^D g weakly. In particular, f g1/2(un{t))xdt cr1/2g1 in L2(Ga) weakly. 
((E(i), H(t)) + ftP(t), a)x = (ao + J(t), &)x (4-44)
for all a£A/", with 
Jg
This completes the proof of uniqueness. In particular, it follows that (Eqo, Hoc, Poo) is the only possible accumulation point of (E, H, P), whence (4.47) and (4.48). □ 5. Local strong convergence in the case Q = R3. Throughout this section it is assumed that the set G is bounded and = ]R3. Furthermore, it is assumed that the external current j and a are located in a fixed finite ball, i.e., Ga C Br1 and j(t, x) =0 for all t 6 (0, oo), xeR3\Sj?1, (5.56) with some R\ > 0. In this case, X = L2(R3) and D(B) = Hcuri(K3) x /?curi(M3). Let Q be the orthogonal projector on (kerB)1-= ranB, which consists of all u £ L2(R3) with divu^ = 0. Then 1 -Q is the orthogonal projector on ker B consisting of all u £ L2(iR3) with curl = 0. The main goal of this section is to prove the decay property (1.13). Since B(E(t), H(i)) is generally not bounded in X as t -» oo, it is a priori not clear whether {(E(t), H(f)): t > 0} or at least the divergence free part {Q(E(i), H(i)): t > 0} are locally precompact. which implies by (5.58) and Sobolev's inequality that A(t) 6 LG(R3) and
Now, it follows from Lemma 2 and the previous estimate that ||A(t) |j z,e(R3) < C\ for all t e (0, oo) (5.59) with some constant C\ independent of t.
Using Holder's inequality and the assumption that G is bounded, one obtains from Lemma 2 and (5.59) that
whence the first assertion. Next = t~l I A(t)G\(t)dx -I I A(s)<tE(s) dxds i.e., the assertion of Lemma 5. This means that Theorem 5 and Theorem 6 can be proved under condition (5.88) without using the results of Sec. 4.
